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AERODYNAMIC TORQUE ON A SPINNING SPHERICAL SATELLITE

Calculations have revealed that a spinning spherical satel-
lite moving through a rarefied atmosphere experiences precessional
torque as well as the expected "slow down torque.'" The objective of
this investigation is to determine the angular displacement of a
gyroscopic satellite due to aerodynamics for comparison with the small
angular displacement due to a general relativity effect described by
Schiff.1 The analysis has shown that the directional movement of the
spin axis due to aerodynamic effect is of such magnitude as to dictate
the altitude at which the relativity experiment must be orbited in
order to reduce the angular displacement in comparison with the 5 to 7
sec of arc per year expected from the Schiff effect. Also of great
importance is the finding that measurements of the satellite spin axis
movement due to aerodynamics could be used for accurate determination
of the molecular accommodation coefficient in the orbital environment.
Studies are being made to determine the best way to utilize this new
method to measure the accommodation coefficient under actual orbital
conditions. Through the use of various material surfaces, surface
temperature, and surface roughness, a series of experiments to study
gas-surface interactions could be designed.

A torque about the center of mass of the rotating spﬁere
results from the surface interaction of the rarefied gas molecules,
The subject of rarified gas dynamics and surface interactions can be
found reviewed in references 2 and 3. In this analysis, the accom-
modation coefficient (qd) equals the percentage of impinging molecules

that are diffusely reflected. The remaining percentage (l-ad) are
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specularly reflected from the surface. At the orbital altitudes of
interest, the flow is free molecular and the random or thermal motion
of the molecules can be neglected in comparison with the orbital
velocity of the satellite.2 Therefore, all the molecules impinge on
the surface with an initial velocity equal to the orbital velocity.
We also impose the following restrictions; the accommodation coeffi-
cient is constant with time and position on the surface, a circular
orbit is fixed with respect to inertial space, and a constant atmos-
pheric density for any one given orbit. Although future work will
analyze the effect of removing the above assumptions, the results
obtained here are a first order approximation of the aerodynamic
effects. The evaluation of the aerodynamic effect seems to be similar
to the analysis used by the Nam Tum Po4 for application to a satel-
lite having a large surface area to mass ratio and the equations for
torque of both analyses are in agreement; however, we apply the
analysis to an entirely different satellite.

The torque caused by gas surface interactions was analyzed
by viewing the specularly and diffusely reflected molecules separately.

The resultant force due to a specular reflection is normal to the

surface. Therefore, for a spherical surface, no torque about the center

of mass results from specularly reflected molecules. For the dif-
fusely reflected molecules, we evaluate the torque in the following
way. First, the force due to the impingment of the molecule depends
on the angle of the surface to the flow and in general causes a torque

about the center of mass. Second, we take into consideration the
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dynamical effect of the reflection. After accommodation to the sur-
face, the molecule is diffusely reflected with a velocity component
normal to the surface., This component results in only a normal force
as required by the definition of diffuse reflection. However, since
the molecules have been accommodated to the surface, each diffusely
reflected molecule has also a component of velocity tangent to the
surface and equal to the angular velocity of the surface at the point
of reflection. Therefore, the diffusely reflected molecules cause a
normal force which produces no torque and a tangential force which
produces a torque proportional to the angular velocity of the surface
at the point of reflection. It is, in fact, this mechanism which
produces not only the expected "slow down torque" but also the pre-
cessional torque which causes the directional movement of the spin
axis.

The coordinate systems to be used in the analysis are
shown in Figs. 1 and 2. The X, Y. Z axis is the inertial set with Z
toward Polaris and X along the vernal equinox. The x, y, z coordi-
nate system is attached to the orbit with the z axis normal to the
orbital plane and the x axis as the ascending node of the orbit.
The X Yoo Zg set is attached to the gyro and the X axis can be
thought of as the line formed where the plane normal to the spin axis
intersects the orbital plane. 1i,j,k, and is,js,kS are unit vectors
along the x,y,z and X > ¥g» Z  axes respectively. Also shown in the
figures is the gas flow velocity vector which is always in the x,y

plane and can be thought to rotate about the center of the satellite
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at the orbital angular velocity. The velocity vector is tangent to
the orbital path at all times, Fig. 3 illustrates the spherical
coordinate system (0,E,R) used to integrate over the surface of the
sphere. The angles T and £ are measured in the x,y,z system. The

other angles shown in the figures are defined as follows:

©
s

L]

angle between satellite spin axis and the normal
to orbital plane.

¢, = angle between satellite "line of nodes" and line
of nodes of orbit.

© = angle between the normal to orbital plane and Z
axis of the inertial system.

@ = angle of nodes of orbit.

o = angle between negative gas flow velocity vector and
the orbital line of nodes.

The mass flux of gas molecules impinging upon an element of

surface dA is

where p is the atmospheric density at the orbital altitude,'v is the
velocity vector equal to the orbital velocity, and N is the normal
to the surface area dA.

Since only the diffusely reflected molecules enter in the
torque analysis, we ignore the specularly reflected ones. The imping-

ing molecules exert a torque

- (RxV) oy (pV - n dA)

The reflecting molecules exert a torque
Rx(xR) oy (pV - n dA)

where () is the spin vector of the gyro and R is the radius vector to




Fig. 3 Co-ordinate System Used for Surface Integration
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the surface from the center of mass. The elemental torque dL pro-

duced by the complete interaction is then the sum of the above expres-

sions, i.e., _ - _
L = - o, [Rx(V - OxR) (pV - n dA)] .

Referring now to Figs. 2 and 3 we define the following vectors and

terms:
Q=0k = Qsin ©_ sin ¢ i-0sin® cos @ j+Qcos b k
s s s s s s
V=-Vcos gi -V sinaq j
dA = R2 sin T dn dg
R = R sin mecosE i+ RsinT sing j+ R cosnk
R = radius of sphere
h =

sin N cos € i + sin B sin € j + cos n k.

We substitute these vectors into the expression for dL and integrate
over only the surface area in the velocity stream. This is accom-
plished by first integrating over m from 0 toT. We then integrate

ki . . .
over £ from ¢ - to g t+ E because o defines the direction of the

<l ~id

velocity vector After integration the instantaneous torque reduces

to a function of the angles «, ex’ and b -

L= --L0 [sin 95 sin ¢S(sin2a + 2) + sin QS cos ¢S(sin a cos q)li
+Lo [sin 93 sin ¢S(sin o cos o) + sin 95 cos ¢S(cosza + 2)]1j
+3Lo [ cos SS]k

where A

If we now consider the orbit fixed in inertial space, the

problem is similar to the classic top or gyro problem where the torque
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is defined with respect to a nonmoving frame. To find the resulting
motion of the spin axis under the action of the above torque, we must
first find its components in the Xgr¥gr2, system. The torque referred

to in this system, LS, becomes

= . 2 . 2 , .
L =L [sin® sing cosp (cos’y - sin"g) + sin® siny coso
s o- s s *s s

. 2 2 .

(sin ¢, - cos ¢S)]1S

+ L [sin® cos6 cosz¢ (cosza+2) + sinB cosH sin2¢ (sin2a+2)
o s 8 s s s s

+ 2 sines coseS sin¢scos¢s siny cosy - 3 cosBS sines]jS

+ L [-2 sinZB sing cosg sing cosy - sinze cosz¢ (coszu+2)
o s s s s 5

- sin29S sin2¢s(sin2a+2) -3 coszes]ks

Since the spin rate of the gyro will be much higher than
the angular movements of the spin axis, the Euler equations can be
simplified by neglecting terms of small magnitude. The movement of

the spin axis is then defined by the following:

where L and Lx are the Ve and X components of torque, respec-
s s

tively, and I is the moment of inertia about the spin axis. Therefore,

the angular displacement for any time t becomes
L
y

Aes = dt

)
0

OCt—rt
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New, for a circular orbit o = wot where W, is the constant

orbital angular velocity. Therefore,

dy = dwot = wodt

- Qo
o)

When t = 0 say o = O and when t = T = time over which measurements are

made, o = 2nT, where n is the number of completed orbits in the time

T. Therefore,

L
2nm

20 =In s do

s I w

o o

L
_ J‘2n1'r xs dg
A‘bs sin 6 I0w °

o s o

Looking now at the expressions for L and L. we note that the func-
s s

tions of ¢y are periodic within the range Qto 2T, We can then express

the integrals from O to 2n7 as n times the integral from O to 2m,

Also contained in the expressions for GS and ¢, are terms containing

the trigonometric functions of 95 and ¢s' However, since the change

in 9 and b is small over the time of interest, the trigonometric

functions of these angles can be considered constant during integration.

Therefore,
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Now,
2%
I L dax=0
o 5
while
21
f - L dog=71L sin 8 cos ©
y o s s
o s
Therefore,
nTTLo
ABS = Iﬂwo sin BS cos GS

and the movement of the spin axis is a precession causing the spin
axis to move into the plane of the orbit if initially out of the
plane. However, no precession exists if the spin axis is initially
perpendicular to the orbital plane (Gs = 0) or if the spin axis is

in the orbital plane (95 = 1/2). The maximum value of AGS occurs

when es = /4, We now substitute the expression for L0 and note the

spin rate {2 is not contained in the result,

m Q/de 'ITZR4
A8 = ———————— sin 26
s 81 W s

Now, for a solid sphere made of material density Pe> the moment of

inertia is
-8 5
I= 15 pS TR

Also, V, the orbital velocity, can be expressed as

V=Ruw
O 0

where Ro is the radius of the orbit measure from the center of the

earth. With these substitutions
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The final expression is seen to be a function of various
parameters but only two, p and 98, are of any importance in reduc-
ing or increasing AGS. 1f 87° < GS < 93° (the spin axis between
i3° of the orbital plane), Aes is reduced by an order of magnitude
of its maximum value at BS = /4. The effect of atmospheric density
is best illustrated by choosing, as a basis for calculation, a solid
glass sphere of one foot diameter and take oy = 1, GS = v/4, Therefore,

Pg = 2.2 x103 kg/m3

R=1/2 ft = 1.5 ¥ 10"t .

A8
s .
With these constants, we plot ajgzg—gg versus altitude for a one year

experiment. The maximum atmospheric density occuring during an average
sunspot cycle5 was used at the given altitude. (See Fig. 4)

Through the range of altitude from 100 to 1000 miles, the
density decreased by six orders of magnitude. The effect of other
parameters is small compared to this, and the angular displacement
then also decreases by many orders of magnitude as seen in the plot,

By using a 500-mile or higher orbit and retaining the spin axis
within i3° of the plane of the orbit, the angular displacement can be
kept an order of magnitude less than the Schiff effect.1 On the other
hand, an orbit below 300 miles will cause the aerodynamic effect to

dominate and afford accurate determination of the accommodation

coefficient.
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To measure the accommodation coefficient we merely find the
ratio between the measured ABS to the calculated AGS with oy = 1.
This ratio is equal to the actual oy for the satellite which will
range from zero to unity. This illustrates basically how the
accommodation coefficient could be measured under actual orbital
conditions. The accuracy of the measurement would depend on the
accuracy with which the other parameters could be measured. Of those
parameters, the atmospheric density (p) is the least accurate.
However, 95 will be known to a sec of arc by the method proposed by
the Coordinated Science Laboratory6 and the other parameters
(ps, R, Ro, and n) can be measured to at least one part in one
thousand. Therefore, accommodation coefficient could be made to at
least one part in one hundred. At the lower altitudes, this accuracy

could be realized in a time much less than a year.
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